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ABSTRACT 

(This is the unpublished manuscript while parts are corrected and included in version III of 
arXiv:1602.00964 which is submitted to the journal.) 

We study the back-reaction of classical Maxwell field and massive scalar field on the BTZ 
black hole entropy. The exact values of the modification which correct the black hole area 
law are found. We discuss the similar properties between the scalar and Maxwell fields which 
are investigated in both of Coulomb gauge and Lorentz gauge. The dependences of mass 
and mode number on the black hole entropy are illustrated. We also study the back-reaction 
by D branes, which are described by DBI action, and explicitly check that the classical 
solution which gives the black hole entropy precisely corrects the black hole area law. Our 
results extend the calculations of the generalized gravitational entropy proposed in recent by 
Lewkowycz and Maldacena [1]. 
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1 Introduction 

According to the Gibbons and Hawking method [2] the thermodynamics of black holes is 
studied by the Euclidean partition function with periodic field 4>{t) = 4>{t -|- f3). 

Z = y er 

= y ^-Wgravityig) 

= Q-[Wg + WM] (1-1) 

The general thermal entropy is then calculated by [3] 

Sthermal = - 1) log Z {/3) 

= ipd0 - i){Wg) + ipdp - i){Wm) 

= Sg + Sm ( 1 - 2 ) 

Therefore, the back hole total thermal entropy contains two terms. The first term is from 
gravity and called as the Hawking area term. The second term is the quantum correction 
part which is from the quantized matter field and can be called as the entanglement entropy 
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[4-7]. The entanglement entropy constitutes only a (quantum) part of the thermodynamical 
entropy of the black hole, which is logarithmic divergent [3,8,9]. 

It shall be noticed that in above relation the metric is a solution to the saddle-point 
equation 

SiWg + Wm) 


^9, 


= 0 


(1.3) 




In the standard investigations the metric g^y is fixed and ITm( 5') could be calculated in many 
approaches [10,11]. In other word, the back-reaction effect on the spacetime is neglected. 

In the recent paper [1], Lewkowycz and Maldacena proposed the generalized gravitation, 
in which the back-reaction of classical field on BTZ black background is calculated. In [12] 
we extended the investigation to the case of Maxwell field. In this paper we will continue the 
investigation to the more general solutions on the more realistic BTZ black hole spacetime 
which is described by the metric [13,14] 

dr"^ 


ds^ = {r‘^ — g)dr + 


r2 - /i 


-|- r d(j) 


The associated black hole temperature is T = /3 ^ with 

27r 


/3 = 


^/9 


(1.4) 


(1.5) 


BTZ black hole in above spacetime is called as on coordinate After using the new 

coordinate 


u = 



( 1 . 6 ) 


the BTZ geometry can be transformed to 

ds^ = u^dt^ -\—s-h {u^ + g)d(j? (1.7) 

Above spacetime is called as on coordinate (t, u, (p) which is similar to the metric 

ds'^ = H——5- -|- (r^ -|- n~‘^)dx^ (1.8) 

that was used in [1]. Hereafter we replace /U, which is mass of BTZ black hole, by m? to save 
the expression. 

In this paper we will consider the classical fields propagating on the above BTZ metric 
and exactly calculate their contributions on the black hole entropy. This corresponds to the 
correction of area law as shown in [1] and derived more detail in section 2. In section III 
we exactly solve the Maxwell field equation on BTZ spacetime and calculate the analytic 
value of the entropy. In section IV we study the case of massive free real scalar field. The 
dependence of entropy on the field mass is analyzed. In section V we consider the DBI action 
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[15] on the BTZ spacetime. We explicitly check that the classical solution which gives the 
black hole entropy precisely corrects the black hole area law. Last section is devoted to a 
short summary. The quantum field correction to the BTZ black hole entropy was studied 
early in [16,17] and recently in [18] for example. 


2 Classical Solution and Area Law 

We first follow the paper [1] (appendix A.3) to prove that the classical solution of Einstein 
equation gives the correction of horizon area in the real black hole spacetime. While the 
original proof in [1] used the coordinate {t,u,(j)) in Eq(1.7) we will in here adopt the black 
hole coordinate {t,r,(p). As the metric in the coordinate Eq(1.4) explicity shows the black 
mass n we can easily see the temperature in our proof. 


Consider the matter field Lagrangian <h, V^<1>) on Euclidean spacetime with t = 

t + p. Its thermal entropy (It is called as generalized gravitational entropy in [1]) can be 
calculated by 


St = —Pdjs logZ 


matter 


+ log Z 


matter 


-(5di3y I dt I dXy/gCraMer 

-fdp 

J 

[ J df ( 


+ 


dt I dXy^/^matter 


(iXy^/^matterJ 

^Vd^matter 


/? 


IGttG 


dglMU 

dt dx^ Gfj_u 


dp 

dgfJ.V 




( 2 . 1 ) 


in which we have used matte field equation = 0 and Einstein field equation 


G^u — 87rGTfj_^. 


To proceed, we also follow [1] to prove that above result is just the area of the horizon. 


As we consider the system on fixed metric. The probe classical matter scalar field is small, 
say (/> ~ 7], then the metric will get correction 0{g^). Thus the gravitational part of the 
action has not term of order and dg derivative of the gravitational part vanishes at order 
r/^. Thus 

dpllogZ^'^^''] = 0 = I dtdx - I dtdy (2.2) 

in which dy is dx while removes the radius coordinate dr. Thus 

J dt dx ^/gG^y^^^ = J dt dy ^/gV f,dyg>^^\r=rH (2-3) 


3 



The right integration gives the surface integration, i.e, the area of the horizon, Ay,, or more 
precisely the area of the horizon at order . To see this property, let us consider the following 
black hole spacetime with horizon radius ry at which C^ry) = 0 

ds^ = -C{r)dt^ + —— + • • • (2.4) 

C{r) 

in which “•••” does not contain coordinate dt and dr. Above black hole has inverse temperature 
[3 with 

C'{ry) = 47r/3-i (2.5) 

and 

J dt dy = j dt dy ^ 5;3(47r/3“^) 

= j dy ^ 

= -47r/?-^ Ay (2.6) 

Comparing to the original paper [1] our general formula shows the explicity factor 47r/3“^. 
Therefore 

St = (2-7) 

These complete our proof. 

3 Maxwell Field on BTZ Spacetime 

In this section we first investigate the Maxwell held in Coulomb gauge on the BTZ spacetime 
of coordinates (t, r, 0) or (t, u, (p). Next, we investigate the Maxwell held in Lorentz gauge on 
the BTZ spacetime of coordinates {t,r,4>) or (t,u,(j)). 

3.1 Maxwell Field in Coulomb Gauge 

3.1.1 Coulomb Gauge on Coordinates {t,r,(j)) 

We hrst consider BTZ black hole on coordinate (t, r, (j)). The conventional action of Maxwell 
held is 

A = -\l d^x^ (3.1) 

We choose the gauge of A^{r) = Ar{r) = o[^and assume that the Maxwell held is 

= (cos(n(/>)At(r),0,0) (3.2) 

'^In fact, if choosing = {0, 0, cos(n(j))A^{r)} then it give the general solution A^{r) = C\+C 2 log(r^ —m^) 
which become divergent on horizon. Also, Ar has not dynamics because that Fi^, is an antisymmetric tensor 
and there is not A'^. term 
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Then the action becomes 
A = -^[dr 


= -’4 fdr 


rAf{r)‘^ + 


v?At{r)‘^ 


r{—'m? + r^) J 
rAt{r)A'^{r 


' + 4 fdr 


At{r){rAt{r)y - 


n4At{r)‘^ 
r{—m? + r^) J 


(3.3) 


The first bracket is the surface term and will contribute to the on-shell gravitational action, 
which is considered later. After the variation the second bracket gives the field equation 

n‘^At{r) 


rA'lir) + A((r) -|- 


—m^r + 


= 0 


The field equation has following two solutions 


qi), , ^ n n nr 

A\\r) = + — 

\ 2 m 2 m m m^ 


A 2 )r . _ -n { n n n 

' 2m’ 2m’ m’m^ 


(3.4) 

(3.5) 

(3.6) 


While the second solution which being divergent on horizon is unphysical we adopt the first 
solution which is zero on horizon. After normalizing the first solution by Aj^^(oo) = log(r), 
like as in [1], we use the following normalized function to calculate its correction to the BTZ 
entropy. 


, , . —1 . n ^ 

At{r) = {^) 2 mrmr — 
m^ Lim 


1 + — 
2m 


/ n n nr 

^ ^V2m’2m’ m'm? 


— 


2r 

m+n 

m 


(3.7) 


Substituting the solution into the on-shell gravitational action we find 
logZ(/3) = ! dr\rAt{r)A'^{r)\ =[rAt{r)A!^{r) 


-nlog (m^) - 2(m - nlog(r)) - 2n (^) + 7 ) 


2 n 


(3.8) 


The terms linear in /? including divergent terms should be subtracted [1]. However, they do 
not contribute to the entropy. The associated black hole entropy therefore becomes 


S^^\m,n,/3) = -d 0 log Z{(3) + log Z(13) 

TT^ ( 2 m{m + n) — n^A'> (^) 


rn^n 


(3.9) 


Let us discuss some properties about S^J\ni,n, I3) : 
(1) In the limit of m = n = Iwe find that 


5i')(l,l,/I)=47r2-^ 


(3.10) 
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which is just that calculated in [ 12 ] and exactly matches with the value from scalar field 
calculated in the original paper [ 1 ], 

(2) Notice that S^\m,n, /3) is negative. The property was first found in [Ij. 

(3) The expansion of n, /?) for small or large mass is 

2 2 

—+ 0(l/m^) (3.12) 

n m 

Thus, the entropy value will approach to —’n^jn for large black hole mass. For clear we plot 
figure 1 to show how the Maxwell entropy depends on mass. 


Maxwell - Entropy 



Figure 1: Dependence of Maxwell entropy on m (n = l). 

(4) The expansion of S^\m,n, /3) for small or large mode number, which is an integral 
number, is 

2 2 

+ — + O(n^) (3.13) 

n m 

S^^\m,n,/3) = + C>(l/n^) (3.14) 

Thus, the entropy value will approach to — ^ 3 ^^ for large mode number n. For clear we plot 
figure 2 to show how the Maxwell entropy depends on mode number n. 
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Figure 2: Dependence of Maxwell entropy on n (m = l). 


(5) It is interesting to see that the expansion of small (large) mass is equal to the expansion 
of large (small) mode number. This is because that nS^^\m,n, P) is a function of n/m. 

(6) Above results show that n can not be zero. To find the solution of n = 0 mode (called 
as zero mode) we turn to the possible form 

A^ = {At{r),0,0) (3.15) 

The field equation is 

rA('(r) + A((r) = 0 (3.16) 

which has exact solution 

At{r) = Ci + C 2 log(r) (3.17) 

The conditions of A^ = 0 on horizon and At(cx)) = log(r) lead to the normalized solution 

At{u) = log(r) - log(m) (3.18) 


Substituting the solution into the on-shell gravitational action we find 


logZ(/3) 


vr/l 


log(r) — log(m) 


Therefore the black hole entropy is 




TT 

m 


(3.19) 


(3.20) 


Not that the correction entropy form zero mode of Maxwell held is positive and is a decreasing 
function with respective to m. 

We next consider BTZ black hole on coordinate {t,u,4>). 
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3.1.2 Coulomb Gauge on Coordinates {t,u,(j)) 


On coordinate {t, u, 4>) if we choose the gauge of A^p = Ar = 0 and assume that the Maxwell 
field is Af^ = {cos{n(j))At{u),G,0), then we could not find the exact solution. Thus, we turn 
to choose the gauge of At = Ar = 0 and assume that the Maxwell field is 

Af^ = (0, 0, cos{ujt)Ap,{u)) (3.21) 


Then the action becomes 


A = -fjdu 

= -T/rf„ 


co^Atiuf ^ 


uA'tiuY , . , , ,.1 

uAt{u)At{u)\ [ du 


At{u){uAt{u)y - 


uj‘^At{u) 


u{rin? + V?) 


(3.22) 


The first bracket is the surface term and will contribute to the on-shell gravitational action, 
which is considered later. After the variation the second bracket gives the field equation 


uAt{u) + A't{u) —= 0 


mP'u + V? 


The field equation has following two solutions 


Ul OJ 


OJ u 


A^y\u) = u^2Fi + 


2m 2m 


m m^ 


LU 


U 


OJ U 


Af\u) = u ^ 2 Fi 


2m 2m 


m m^ 


(3.23) 

(3.24) 

(3.25) 


While the second solution which being divergent on horizon is unphysical we adopt the first 
solution which is zero on horizon. After normalizing the first solution by a|^^(oo) = log(u), 
like as in [1], we use the following function to calculate its correction to the BTZ entropy. 


At{u) = - 


^2 1 ^m ™u-r(|^) 2 T 1 + 


p ( m+u) \ 

^ \ 2m J 

Substituting the solution into the on-shell gravitational action we find 

TT/? log ("i^) - 2(m - LJ log(u)) - 2 oj (^) + 7 ) 


(3.26) 


logZ(/3) = -- 


2a; 


(3.27) 


which is exactly the value in coordinate {t, r, 4>) after u ^ r and it gives the same black hole 
entropy i.e. 


SA^\m,u},P) = -dft log Z{j3) + log Z{j3) 

TT^ [2m{m + oj) - oj^Y^^^ (^) 


m?oj 


(3.28) 



Like as that in previous case P), P) becomes singular if cu = 0. To 

find the solution of zero mode we try the possible form 

A^ = {0,0,A^{r)) (3.29) 

It has general solution 

At{r) = C 1 + C 2 log(n) (3.30) 

which, however, becomes divergent on horizon u = 0. Thus, let us turn to another possible 
solution 

Af_, = {At{u),0,0) 

The field equation becomes 

uA”{u) + A'^{u) = 0 

and normalized solution is 

At{u) = ^ log(u^ + m^) - ^ log(m^) 

Substituting the solution into the on-shell gravitational action we find 

\ogZ{fi) = ^ log(u^-f m^) — ^ log(m^) 

Therefore the black hole entropy is 

= — 
m 

The value is same as the zero mode on the coordinate (t, r, (j)). 

3.2 Maxwell Field in Lorentz Gauge 

In this section we study the Maxwell field on BTZ spacetime in the Lorentz gauge and 
compare it with that on Coulomb gauge. We consider the action 

Aj.2 = -\J - V,yl^)(V^yF - V^A>^) 

= I (V^ [A,(V^yF - VM^)] + ^J {a^V^ ) 

= -II d^x^g (v^[A,(V^yF - VM^)] + ^ I (fx^g A^{v^ 

(3.36) 

in which V^A,^ = df^A^ — T^^^A\ and [D^, Dy]Ax = The first bracket is the surface 

term and will contribute to the on-shell gravitational action, which is considered later. After 
the variation the second bracket gives the field equation. 


(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 
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Therefore, in the Lorentz gauge, VuA'^ = 0, the field equation becomes 

(V^ 5^ - Ri^)A’' = 0 (3.37) 

in which = Diagonal(—2, —2, —2). 

To proceed, we can consider the following possible non-zero mode solution in coordinate 
(t, t, (p) (The solution in coordinate {t, u, (p) has same property) 

Af^ = {cos{n(p)At{r),0,0) (3.38) 

which automatically satisfies the Lorentz gauge. In this case the field equation of At{r) is 
exactly that in Coulomb gauge. Substituting the solution into the above on-shell gravitational 
action we get the same entropy as that in Coulomb gauge. 

Next, we can, as before, consider the possible zero-mode solution of 

A^ = {Atir),0,0) (3.39) 

which automatically satisfies the Lorentz gauge and has a solution as that in Coulomb gauge. 
Through the same analysis we find that the zero-mode contributes the same entropy as that 
in Coulomb gauge. These conclude that the generalized black hole entropy calculated in 
Coulomb gauge is same as that calculated in Lorentz gauge. 

4 Massive Real Scalar Field on BTZ spacetime 

The action of massive real scalar field is 

A* = ^jdx^y/Pj g‘^’’[da<^db^ + 

= 2 / dx^daiVg d. [daiVg g"'db^ - (4-i) 

The first bracket is the surface term and will contribute to the on-shell gravitational action, 
which is considered later. After the variation the second bracket gives the scalar field equation 
: = 0. In this section we will work only in coordinate {t,u,(p) because that we 

could not find the general analytical property in coordinate (t,r,(p). 

4.1 Higher-Mode of Massive Real Scalar Field 

We adopt the general assumption about the real scalar field 

<I> = cos{ujt)f{u) (4.2) 

In this case the field equation becomes 

u^{m + u^)f"{u) + u{m -|- 3u^)f'{u) — (w^ -|- M‘^u^)f{u) = 0 (4.3) 
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The field equation has following two solutions 


fi{u) 

f2{u) 




— iO 

■u m 2 


F.( 


- ca A\A CO m + Lo 
o\^“^zr tz ’ z ’ ~zz 


m 2 / 
cj + m(A — 2) A 
2m ’ ¥ 


2m m 

(O 

2m 


^ OJ v?' 


m 


m^ 


(4.4) 

(4.5) 


where A = 1 + \/l + M^. While the second solution which being divergent on horizon is 
unphysical we adopt the hrst solution which is finite on horizon. 

To proceed, we normalize the first solution like as in [1] and use the following function to 
calculate its correction to the BTZ entropy. 


/(«) 


r[i + ^]r[A-i] 



Ax A LO m + LO 
~2)’^ ^ m 



Substituting the solution into the on-shell gravitational action we find 


log Z{/3) = ^ J dx^da[V9 

= I Jd'' + driVa 


TT 


= u {u^ + m)<l>9fe4> 


= -y 

After lengthy calculations the associated black hole entropy becomes 


(4.7) 


5$ (M, m,u:,/3) = -d/slog Z{/3) + log Z{/3) 

47r3(A - 1) csc(7rA)m2^-4( - + A - 2 )] + 

r(A)^r(i(s-A + 2))' 


+ 2(A-l)m)r(^)" 


(4.8) 


where H[X] is the Harmonic number at X. Now, let us discuss the properties of S^{M, m, to, /?). 
(1) In the case of m = c<; = 1 then 


5$(M,l,l,/3) 


47r^ csc(7rA)(^2(A — 2)A — 7r(A — 1) tan 

r(i-t)'(r(A))" 


(4.9) 


In the case of M = 0, ^'^(0,1,1, /I) is just the value in Maxwell field. This is because that on 
3D the maxwell field is dual to scalar field. 

(2) The entropy will be divergent when A = 4, 6..., as shown in figure 3. 
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Massive Scalar Field Entropy 



Note that the divergence is out off the range in our studies because that the back-reaction 
about the BTZ space is small in prior assumption. In fact, in the unit m = 1 the scalar field 
mass M shall not larger then 1 otherwise the back-reaction of scalar field on black hole will 
be very strong and BTZ spacetime will be dramatically changed. Therefore, while we have 
found the exact formula it is in fact can be applied only near A = 2, i.e. M < m. 


4.2 Zero-Mode of Massive Real Scalar Field 

We first consider the zero-mode of massless scalar field 


4> = f{u) 

The massless held equation has solution 

f{u) = C 1 + C 2 log(rt^ m^) - log('u^) 


(4.10) 


(4.11) 


which, however is divergent on horizon u = 0. Thus we have not physical solution to provide 
entropy. 

Let us turn to the massive case in which the normalized solution is 


1 


2 , 




(4.12) 


which becomes 


^ r[Vi + M2] ^ ' 

f(u) = + 0(^-1)) 


(4.13) 

(4.14) 


Therefore, this solution is regular on horizon and has a proper normalization likes as that 
required in [1]. 
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After the calculations the on-shell action is 


logZ(/3) = 


27r^ 77 ), 2 \/m 2 +i ^7 r\/sec -|- + 1 + l)) 

\/M2TIr(^/M2Tl) 


(4.15) 


and associated entropy is 


5#(M, m, 0, /3) 


lOvr^ 1 

-I- Ij 

1 csc^ 

(^7rVM2 1 j 

ri 

[i(VM2 + l + ljj 

mEl 

(VM2 + Ij 

i'r( 

,2 2 y 

3 

1 


(4.16) 


Now, let us discuss the properties of S^{M, m, 0, f3). 

(1) In the case of small M 

5$(M,m,0,/3) = -rmr‘^M^ + 0{M^) (4.17) 

which means that there is not entropy in the limit of massless, which consistent with previous 
result. 

(2) As it appears csc^ -|- 1^ we see that the entropy will be divergent at some 

values of M, as shown in figure 4. 


Zero -Mode Entropy 



Figure 4- Dependence of zero-mode of massive scalar field entropy on M (m 


i;- 


Note that, as before, the divergence is out off the range in our studies and while we have 
found the exact formula it is in fact can be applied only if M < m. 
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5 DBI on BTZ Spacetime 


5.1 Classical Solution of DBI on BTZ spacetime and Entropy 

We now study the back-reaction effect on BTZ black hole by D branes, which is described 
by DBI action [15]. We consider the case in coordinate (t, u, (p) with simplest EM field 

Af, = {Atiu),0,0) (5.1) 


Then, DBI action becomes 


A = 


J d X ^2 q,/2 (\/ dpiV T 

7r/3 J du(^ — u + + ATr‘^a'‘^{m? + u‘^)A^{uy 




(5.2) 

(5.3) 


and the associated conjugate momentum 11 is an integration constant which has a simple 
relation 

47r^(m^ -|- u^)a'‘^A[{u) 


n = 


1 


vr^a'^ + 4:Tr'^a'‘^{m? -|- u^)A^{uY 


(5.4) 


It gives solution 


At{u) = Cl -f 


n log ^4a' ^-y/TT^a'^ (m^ -|- v?) — 'H? + 2T:a'y/m? + ^ 

47r^a'^ 


(5.5) 


where ci is another integration constant. As before, by requiring that the solution A^{u) is 
zero on horizon and becomes At{oo) = log(tt) it is found that 


n = 


(5.6) 


Substituting it into the Lagrangian the on-shell gravitation action is 


log Z{13) 


1 rm 


DBI = 


TT^a'^ 1 4 


— (jn — \/m- 


l2 _ 47r2Q,'2j _ 7r^Q,'2 


'log( 


m 


+ V 


oi 


.12 


2u 


5.7) 


While there are divergent terms (r —)• oo), which should be subtracted [1], they will do not 
contribute to the entropy and the associated black hole entropy becomes 


Sdbi{/3) 


—dp log Z {/3)dbi + log Z {(3) DBI 


2m . 

—^ I ~2 -|- 2m\ 


1 


a 


4 m2 


TT^ StT^Q!' 
— + 


+ 


m? — dvr^a'^ 
lOvr^a'^ 


m 


m''" 




+ 0{A 




(5.8) 


We thus find that the leading term is just the zero-mode entropy found in previous section of 
Maxwell field theory, the property that the leading order of DBI action is just the Maxwell 
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field. Note that the correction entropy form DBI is positive and is a decreasing function with 
respective to m, like as that in Maxwell case. However, if m —?■ ira' then the correction is 
divergent, as show in figure 5. The divergence shall not be shown in our studies because that 
the back-reaction about the BTZ space is small in prior assumption. 


DBI - Entropy 



Figure 5: Dependence of DBI entropy on m in unit of 27ra' = 1. 


5.2 Classical Solution of DBI on BTZ spacetime and Area Law 


In this section we follow [1] to explicitly check that the classical solution which gives the black 
hole entropy precisely corrects the black hole area law. While the original paper [1] checks 
the case of scalar field theory and [12] checks the case of Maxwell field, we will investigate 
the backreaction of the DBI field on the BTZ metric. 

The action is 


with A 


-A = 


df’x y/g 


R 


A 


2. The Einstein equation is 








(5.9) 


G - Rliy 






(i? - 2 ) = SttG 


- fll/ 


(5.10) 


Consider the case in coordinate {t,u,4>). After the ansatz that = {At{u),0,0) the stress 
tensors become 

“ 2y/u‘^ + ATT‘^a'‘^A[{uy{u‘^ -b m^) ^ ^ 

47r2Q;'^A((ri)2(ri2 -g rn'^) (5.12) 

To proceed we see that the backreaction of DBI field will modify the BTZ metric, which can 
be written as [1] 


= u^dt^ + 


y2 _j_ 


+ {u^ + m^)(l + v{u))d4> 


(5.13) 
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To the leading of perturbation (small g{u),v{u)) 


a'ju) 

2u 

g{u) {v? + rn?)v'{u) 
V? + m? 2u 


Now, using the Einstein equations we can find that 


v'{u) 


( 9{u) y g ^ u duA'^{u)f 

+ m? ) x/u^ + A7r‘^a''^A[{uy{u‘^ + m^) 


(5.14) 

(5.15) 


(5.16) 


To proceed we can use following two properties to perform the integration to find the function 
v{u) : 

(i) Using the property that ^(0) = 0 due to the regularity condition for the metric at the 
origin and g{r)fr‘^ —)■ 0 at infinity we can get ride of g{u) (which is a total derivative) in 
integration [1]. 

(ii) We had derived in section 5.1 that 


n 


A'tiu) 


^ 2/2 (m^ + u^) At'{u) 

At'{uY 

27ra'^n 

{m? + V?) {v? — + m?) 


(5.17) 

(5.18) 


Therefore 


u(0) = dyrG [ 

Jo 


du 




= dvrG 


0 {w? + V?) ^{m? + V?) [{rv? + v?) — dvr^a^) 

—dvr^a^ET (l — 


(5.19) 


(l - ^) + (l - ^) - 


a^m 


(5.20) 


where E and K are the Elliptic functions. Using the black hole area law formula 

Sdbi = ^ • 27r • m • (l + u(0)) = (5.21) 

we hnally find that 

1 2 7r4^'2 

SS„ = - . 2 ,™ „( 0 ) » - + ^ ^ + 0 („'») ( 5 . 22 ) 

Thus the leading order expansion of 5St precisely gives the exact value calculated in previous 
section. However, the higher orders do not match. This is because that in our approach the 
backreaction of DBI field shall be weak [1] and perturbation of metric v{u) is samll. Thus, 
the result is reliable only in the case of small gravitation entropy, which is the case of leading 
order . 
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6 Conclusions 


In this paper we extend the calculations of the generalized gravitational entropy proposed 
in recent by Lewkowycz and Maldacena [1]. We study the back-reaction of massive classical 
scalar field, Maxwell field and DBI action on BTZ black hole entropy. We first follow [1] 
to prove that the classical solution of Einstein equation gives the correction of horizon area 
in general black hole spacetime. We investigate the Maxwell field in Coulomb gauge and 
Lorentz gauge on the BTZ spacetime. We solve the classical solutions exactly and then use 
them to calculate the entropy which corresponds to the correction of area law. The results is 
gauge independent. We also study the massive scalar field and DBI action effect on the BTZ 
black hole. The back-reaction properties of these field on the BTZ black are found exactly. 
We explicitly check that the classical solution which gives the black hole entropy precisely 
corrects the black hole area law. The dependences of mass and mode number on the black 
hole entropy are then illustrated. 

Our investigation can be summarized in below : 

1 . Although the coordinates {t,r,6) and {t,u,6) are related by a simple transformation 
we find that, in some cases, while it is difficult to find the solution in one coordinate we can 
easily to find the solution in another coordinate. 

2. The gravitation entropies of scalar fields and Maxwell fields are always negative value. 
However, for the zero mode, the entropy of Maxwell field is positive while that of scalar field 
is negative. We have no ideal to explain this property. 

3. We have calculated the exact values of gravitation entropies from DBI action and the 
backreaction of DBI field on the of black hole area law. Using the fact that the backreaction 
is meaningful only on the weak field approximation we compare both values and see that 
they are consistent in the leading order. 

4. In contrast to the previous investigations [1,12], in this paper we let the mode number 
to be the arbitrary parameters. After studying the the dependences of mass and mode number 
on the black hole entropy we find that the gravitational entropy could be divergent at some 
values of mode numbers. This means that the associated solution could dramatically modify 
the BTZ spacetime. In this case the backreaction is vary large and we shall not consider the 
problem in the fixed BTZ spacetime, which is beyond the scope of this paper. 

It remains to see whether these properties also show in other black hole spacetime. Also, 
as quantum correction of black hole has universal property which is specified by the central 
charge [3], it is interesting to see whether the classical correction has any universal property. 
The problem is worthy to study. 
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